In this paper we investigate the nature of ferromagnetic (FM) phase in three-orbital Hubbard model by using Kotliar-Ruckenstein slave-boson approach. We find that the FM metallic phase widely exists and stabilizes in magnetic phase diagram for large Hund's rule coupling, and FM insulator is not seen. An FM orbital-selective Mott phase (OSMP), mainly due to large crystal field splitting and strong electronic correlation, is observed and identified as double-exchange FM. An antiferromagnetic (AFM) OSMP is also found. We conclude that large Coulomb correlation and Hund's rule coupling is crucial for stable FM phase, and further crystal field splitting also enhance the stability of AFM and FM OSMP.
Introduction
The origin of ferromagnetism (FM) in transition-metal compounds has been studied for a long time but it is still an active topic up to date [1] [2] [3] [4] . In the mean-field Stoner theory of metallic FM [5] , an FM order can occur only when the Stoner criteria is satisfied. A lot of numerical and analytic investigations showed that a stable FM phase in the single-orbital Hubbard model seriously depends on the lattice structure and the density of states (DOS) near the Fermi surface [1, 6] . However, an accurate slave boson theory [7] showed that the critical electron correlation for the appearance of FM order is extremely large, implying that the occurrence of the FM order is a rare event.
In realistic compounds, the FM phases are usually found in orbital-degenerate systems, suggesting that the orbital degeneracy is crucially important for the formation of the FM phase [8] . In a two-orbital system, the inter-orbital Hund's rule coupling tends to align the electron spins in the same direction, hence favors the stability of FM phase, which has been verified by many numerical results [9] [10] [11] . So the Hund's rule coupling can stabilize an FM phase in a broad range of particle filling from intermediate to strong electron correlation [1, 12] . When the two-orbital Hubbard model is extended to a three-orbital one, it is unknown whether the FM transition can occur more easily and how the phase diagram evolves with various physical parameters.
It has been shown that orbital selective Mott transition (OSMT) can occur in two-or three-orbital correlated systems [13] [14] [15] [16] [17] . Especially, different bandwidths, different orbital degeneracy, and the competition between crystal field splitting and Hund's rule coupling may drive the system into an OSMT phase [14, 17, 18] . However, so far most of these works were the paramagnetic (PM) situation. Generally speaking, metal-insulator transition (MIT) and OSMT are usually accompanied by magnetic transitions. Thus the interplay between the magnetic transitions and the OSMT/MIT should be taken into account on the same foot. Our earlier results on the half-filled two-orbital Hubbard model had shown that the PM OSMT can be suppressed by the spin correlation and magnetic modulation, and the OSMP is completely covered by Slater AFM insulator [19] . It is expected that the MIT/OSMT may considerably affect the stability of FM phase away from half filling, thus the interplay of magnetic orders and OSMP/MIT would be rather interested.Therefore, it is absolutely necessary to study the FM stability of the multi-orbital system in the presence of the MIT or OSMT.
In this paper, we present our results on the magnetic phase diagrams of three-orbital Hubbard models, focusing on the stability of FM phase. We first describe the model Hamiltonian and the Kotliar-Ruckenstein slave boson approach in Sec.2. Then in Sec.3 we show that the FM metallic phase stabilizes over a wide parameter range, and in the presence of finite crystal-field splitting an FM OSMP and an AFM OSMP exist in different band fillings. The FM OSMP is identified as a double exchange FM. A short summary is given in Sec.4.
Model Hamiltonian and Methods
We start with a three-orbital Hubbard model defined by
where c
iασ is an annihilation (creation) operator of an electron with spin σ and orbital α at the lattice site i and n iασ = c † iασ c iασ is the corresponding electron number operator. t i j αβ is the hopping integral from i to j between orbitals α and β (α, β = 1, 2, 3 for three-orbital Hubbard model), where α and β are identified as t 2g -like orbitals under tetragonal/trigonal crystal field. The double degenerate e g1 ( e g2 ) orbitals are named as orbital 1(2) and the a 1g orbital is named as orbital 3. U(U ) and J H are the intraorbital (interorbital) Coulomb interaction and Hund's rule coupling, respectively. Here U = U − 2J H is adopted throughout our paper. α is the energy level of orbital α, and µ is the chemical potential.
To investigate the magnetic phase diagrams, we project the three-orbital Hubbard model into the Kotliar-Ruckenstein slave boson (KRSB) representation [20] . Within the multi-orbital KRSB framework, the electron operator can be represented as c †
iασ is the quasiparticle fermion creation operator andẐ † iασ is the renormalization factor as a function of 64 slave bosons in three-orbital situation [21, 22] . Throughout this paper we adopt the rectangular bare DOS [23] to explore the FM stability, hence avoid the influence of van Hove singularity on magnetism.We set the half bandwidths D α of all the orbitals are equal throughout this paper. The orbital levels 1 = 2 are also adopted and the crystal field splitting is defined as ∆ = 1,2 − 3 . The Hund's rule coupling J H = 0.25U and the temperature T = 0 K are also adopted. Throughout our paper,the energies and electron correlation are measured in units of the half bandwidth.To save huge computation time, we neglect the spin-flip and pair hopping terms in our model, as done in Ref. [12] . Although such a neglect may overestimate the tendency towards FM, this approximation does not change the magnetic phase diagrams qualitatively [12] . Also it is hard to define a complex orbital order configuration in a system with rectangular DOS, so the orbital order except for ferro-orbital one is also not considered here. To investigate the influence of orbital degree of freedom on the Mott transition and FM phase, we show the phase diagram as a function of electron correlation and the total filling n in Fig. 1 for ∆ = 0.1D 1 . In the weak and intermediate correlation region (U/D 1 < 2), with the increase of band filling approaching the half filling, the PM phase transits to the AFM OSMT phase at n > 2.2. In the AFM OSMT region, the orbitals 1 and 2 are partially filled and conducting, while the orbital 3 is half filled and becomes insulating, as seen in Fig2(a) and its inset. When the system is half filled, the OSMT phase found in PM results [24] is completely suppressed in three-orbital situation. This arises from the spin modulation of the localized orbital 3 on the energy spectra of orbitals 1 and 2, driving the OSMT phase into the Slater AFM insulator [18, 19] .
Numerical Results
In the strong interaction region (U/D 1 > 2), an FM metallic phase is stabilized in a wide range of band filling, as shown in Fig. 1 . Comparing with two-orbital results, we find that the critical value of electron correlation for FM phase decreases from U c /D 1 = 3 to present U c /D 1 = 2, indicating that the FM phase can occur more early in three-orbital system. Further increasing of band filling drives the system into AFM OSMP, and finally to the Mott AFM insulator at half filling. It is particularly interesting that an FM OSMP can exist when 2.7 > n > 2.4, as seen in Fig. 1 . This novel phase has similar orbital occupation to the AFM OSMP, however, each orbital is entirely polarized, as seen in Fig. 2(a) . In the FM OSMP, since the electron spins of localized orbital 3 prefer to parallel with the electron spins of itinerant orbitals 1 and 2 through the Hund's exchange coupling [1, 8] , thus the conducting electrons in orbitals 1 and 2 lead to the FM arrangement of localized orbital-3 electrons on different sites. This scenario is perfectly in accordance with the double exchange FM mechanism, which is widely used to explain the FM phase in doped perovskite manganites.
To illustrate the evolution of orbital and spin states in the AFM and FM OSMP with the increase of electron correlation, we plot the U-dependence of the orbital/spin occupation in Fig. 2(a) and the bandwidth narrowing factors in Fig. 2(b) at n = 2.6. When Coulomb correlation increases, the system undergoes three typical phases from PM, AFM OSMT to FM OSMP. The corresponding spin polarizations and magnetic moments of three orbitals in PM and FM OSMP change a little, while the spin polarization of AFM OSMP considerably change with Coulomb correlation, as shown in Fig.2(a) . Since the orbital 3 is half filled and insulating in the AFM and FM OSMP, the distributions of degenerate orbitals 1 and 2 are constant (n − 1)/2, as seen in Fig. 2(a) . However, the evolutions of renormalization factors, defined as q ασ = Z † ασ Z ασ for PM and FM phases, and q ασ = Z † ασ Z ασ for AFM phase, are distinctly different. As shown in Fig. 2(b) , the renormalization factors of degenerate orbitals 1 and 2 and orbital 3 split a little in the AFM OSMP. This arises from the band hybridizations or spin fluctuations, so q 3 in localized orbital 3 remains finite as seen in the DOS at U/D 1 = 1.5 in the inset of Fig. 2(b) . As a contrast, in the FM OSMP region, the renormalization factors of conducting orbitals 1 and 2 are almost unity. However,the renormalization factors of orbital 3 decrease down to zero sharply, and the DOS with U/D 1 = 3.0 shows that the bandwidth of orbital 3 tends to zero, as seen in Fig.2(b) .
The U − ∆ magnetic phase diagram for the three-orbital Hubbard model with n = 2 is also illustrated in Fig. 3 . On the whole, there are five phases in this asymmetrical magnetic phase diagram. When ∆/D 1 < −1.0, the degenerate orbitals 1 and 2 are half filled for any electron correlations. In this situation the system is almost equivalent to half-filled two-orbital one. With the increase of Coulomb correlation, the system transits from PM metal to AFMI, and FM phase is not stabilized at half filling [19] . When −1.0 < ∆/D 1 < −0.5, the orbital 3 is fractionally filled in the PM phase. In this region, when two degenerate orbitals approach to orbital 3, more electrons transfer from degenerate orbitals 1 and 2 to orbital 3, and orbitals 1 and 2 are away from half filling. Thus stronger electronic correlation is needed to drive the system to AFMI phase. So the critical U c for the PM metal-AFMI transition increases sharply with the lifting of ∆. When −0.5 < ∆/D 1 < 0.5, the three orbitals are fractional filled and all of the electrons are itinerant. With the increase of Coulomb interaction from weak and intermediate correlation regions to the strong correlation region, the ground state of the system transits from PM to FM metallic phase. As a comparison, the PM phase diagram is displayed in the inset of Fig. 3 . It shows that PM Mott phase and PM OSMP are suppressed when spin correlations are taken into account.
In Fig.3 , when ∆/D 1 > 0.5, more quasiparticles transfer from orbitals 1 and 2 to lower orbital 3. As the Coulomb correlation increases, the orbital 3 becomes half filled and the system transits from PM phase into AFM OSMP due to the pair exchange coupling. It is obviously that the critical electronic correlation for AFM OSMP transition increases with increasing crystal field splitting as a result of the competition between the crystal field splitting and Hund's rule coupling [18] . Further increasing Coulomb interaction to strong correlation region, the system transits from AFM OSMP into FM OSMP when ∆/D 1 > 0.7. From Fig. 3 , we find that a finite crystal field splitting is essential for the occurrence of FM OSMP and AFM OSMP in the three-orbital Hubbard model. We expect that with larger crystal field splitting, the system may undergo a transition from FM OSMP or AFM OSMP to correlated band insulator, accompanying with a high-to low-spin transition [14, 17, 18, 26] .
Summary
One may notice that the present magnetic phase diagrams are obtained only for the systems with bare rectangular DOS, which may be too simple for realistic material; and the effect of interorbital hopping on the phase diagrams is not considered. These factors can be overcome in future study. It is also worthy of pointing out that in the present study we constrain homogeneous ferroorbital or para-orbital phase. In this situation the ground state of the system with n=1 or 2 is metallic. When a complex orbital order, such as antiferro-orbital order, is considered, the system may become insulating at n=1 or 2, as shown by Chan et. al. [25] and Kubo [1] . One could expect the inclusion of various complex orbital order does not considerably change the magnetic phase diagram in Fig.2 , except at n=1 and 2. While it may alter the metallic ground state of the magnetic phase diagram in Fig.3 . So the inclusion of fluctuations and complex orbital order is an important extension of our results, which deserves further investigation.
On the other hand, since the present KRSB method is equivalent with the Gutzwiller results [27] , it correctly predicted the OSMT phase in multi-orbital systems [26] , as shown by the DMFT. Also it also predicted that the FM phase exists when electron filling exceeds a minimum density. Thus the KRSB results are more accurate than static mean field results [6] , though the saddle-point approximation in the KRSB method may overestimate the FM phase.Meanwhile, one expects that the fluctuations from the high energy processes and the spin flip and pair hopping terms may slightly shift the boundaries of phase diagram. The superior of the present KRSB technique over the DMFT method is that it could deal with various orbital configurations at relatively small computation time. In summary, our magnetic phase diagrams of three-orbital Hubbard model show that the FM metallic phase is stabilized by the Coulomb correlation with large Hund's rule coupling in wide band-filling ranges, and an FM OSMP can exist with a finite crystal field splitting. A more complete scenario of OSMT with spin degree of freedom is presented, and the double-exchange-like FM phase is also unified in our results.
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